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Abstract Fatty acids are transported in a multistep pro-
cess from the plasma to the mitochondria, where they are
oxidized in order to meet energy requirements of the my-
ocardium. Some of those steps, mainly the crossing of the
involved cells’ membranes are far from being understood.
Here, by means of mathematical modeling we address the
problem of the fatty acid transport from the microvascular
compartment to the endothelium. Values of parameters that
are incorporated in the model are deduced from relevant
experimental work. Concentration profiles are established
as solutions of diffusion-reaction equations both nu-
merically and using an analytical asymptotic approxima-
tion. The analytical solution accurately determines the fatty
acid flux for any set of parameter values in contrast to off-
the-shelf numerical solvers that fail under quite a few cir-
cumstances due to the stiffness of the differential equation
system. Sensitivity analysis indicates that in spite of few
uncertain parameter values, most of our conclusions are
expected to be valid throughout the physiological range of
operation. We find that in order to have an adequate fatty
acid uptake rate it is essential for the luminal endothelial
membrane to have very fast fatty acid transporters and/or
specific sites that interact with the albumin-fatty acids
complex.
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Introduction

Quite a few thorough investigations, both experimental
and theoretical, have been pursued in order to decipher the
mechanisms that underlie the fatty acid transport in the
myocardium (Bassingthwaighte et al. 1989a, b; Vyska et al.
1991; van der Vusse et al. 1992; Goresky et al. 1994; van
der Vusse et al. 2000; Bonen et al. 2007). Within the
plasma, the endothelium, and the interstitium, fatty acid
transport is substantiated as a passive facilitated diffusion
process where the fatty acids are bound to proteins like
albumin or cytoplasmic fatty acid binding protein, FABP in
order to reduce the concentration of free fatty acids to
levels that do not damage cell membranes while keeping it
high enough as to satisfy the energy requirements. How-
ever, the transport mechanisms across the various mem-
branes (the luminal and abluminal membranes and the
sarcolemma) are still obscure; specifically, it is unclear
whether transportation at the membranes is basically sim-
ple, passive one or is it facilitated by receptors for proteins
that are scattered on the membrane faces and/or a combi-
nation of transporters that facilitate translocation across the
membranes. Such facilitation might be needed as a pretty
high fatty acids uptake rate, about 50—100 nmol(g min)~"
is essential for the normal functioning of the human heart
(van der Vusse et al. 2000).

The dispute has been going on for decades—years ago
some experimental evidences (Ghitescu et al. 1986;
Simionescu et al. 1987; Weisiger 1993; Trigatti and Gerber
1995) indicated that cells’ walls are probably covered with
albumin receptors. Hutter et al. (1984) detected the pres-
ence of such receptors in rats’ myocardial tissue and other
measurements (Goresky et al. 1994) indicated that recep-
tors must facilitate the fatty acid uptake into the endothelial
membrane but the subject was inconclusive as others
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(Potter et al. 1989; Reed and Burrington 1989) found no
evidence for such receptors in hepatic tissue. While recent
works (Bonen et al. 2007; Hamilton 2007; Glatz et al.
2010; Hagberg et al. 2013; Iso et al. 2013) have substan-
tiated the action of fatty acid transporters across the
membrane, the action of receptors for albumin was not
validated (or ruled out).

The difficulties involved with the experimental investi-
gations of transport across membranes turn them to be
prone to many inaccuracies—hence the importance of a
theoretical modeling. Moreover, a theoretical analysis
might help to determine a measurement protocol that is
best fitted to detect the presence of transporters and re-
ceptors taking into account the sensitivity with respect to
unknown or uncontrolled parameters. Here we establish a
model, based on diffusion—reaction equations that accounts
for the specific composition of the long-chain fatty acids
and that assumes two fatty acid binding sites per any al-
bumin molecule. The fatty acid crossing of the luminal
membrane is either a simple, passive permeation or is en-
hanced by the action of transporters. The choice of the
model’s parameter values is backed by measurements and
is tested for its effect on the model reliability by per-
forming ad-hoc sensitivity analysis. Adjacent to the
membrane there is a boundary layer where the gradual,
moderate decrease of the unbound fatty acids, typical to
most of the stagnant slab, is replaced by a steep decline of
the concentration. This boundary layer turns off-the-shelf
numerical solvers to be quite inefficient and/or inaccurate.
However, using singular perturbation approach enabled us
to formulate analytical expressions for the fatty acid con-
centrations. This method of solution yields accurate esti-
mations for the flux of the fatty acids and might be adapted
to other scenarios (with different putative permeation
mechanisms via the membrane) as well.

We aimed to determine, based on our simulation, whe-
ther a presence of receptors is essential for the observed
fatty acid uptake rate in vivo. Indeed we conclude that
unless there are transporters that cross the membrane with
an exceptionally high rate, sites of interaction with the fatty
acid—albumin complex are essential for adequate func-
tioning of the myocardium.

Mathematical Modeling

Past theoretical models (Barta et al. 2000; Musters et al.
2006) referred to the fatty acids as either pure palmitic or
oleic acid; however, Saifer and Goldman (1961) found by
gas—liquid chromatography that oleic acid, palmitic acid,
linoleic acid, and arachidonic acid each comprises 33, 25,
20, and 5 %, respectively of the serum while the other 39
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different acids are present in lower percentages. The as-
sociation constants for the binding of those four acids with
albumin, given by Table 1 in Richeri et al. (1993), yield the
following weighted dissociation constants for the first five
binding sites: 8.1, 9.0, 16.4, 34.4, 67.5 nM. Henceforth we
refer just to the first two binding sites and ignore the others.

The Governing Equations

The fatty acids that reach the endothelium are derived from
the plasma where almost all of them are bound to albumin
(e.g., Barta et al. 2000; Van der Vusse et al. 2000).
Therefore computing their supply rate to the endothelium
necessitates establishing fatty acid and protein profiles
within the stagnant plasma layer near the capillary wall.
The 1D region of solution extends from x = 0 (the cen-
terline of the capillary in the in vivo heart or the interface
with the plasma in perfusion in vitro experiments) to
x = x; (the luminal endothelial membrane) and contains 4
constituents: Unbound fatty acids, F, albumin, A, and their
two complexes, AF1 and AF2 with given volumetric con-
centrations: Cr, Cx, Car1, and Cap, respectively.

Within this region, albumin, and long-chain fatty acids
react as follows (by our two binding sites assumption):

k k
A+F§AF1,AF1+F§AF2. (1)
1 —1

In addition to the above reactions, there is a diffusion of
all constituents and possibly, a metabolic consumption.
Thus the time-dependent concentrations satisfy:

Cy ’C, _ _
—_— = ——— —k1C4C k_,1C, 2
or A2 +1CaCF +Kk_1CaF1 (2)
0Car> 0’ Car
n Dar o + ki2Car1 Cr — k_1Cap2 (3)
0Cari _ *Car
ot Ao
+ (k41Cs — k12Cap1)Cr — k_1(Car1 — Car2)
(4)
o, T
o ok - -
- (k+l_CA + ky2Car1)Cr + k_1(Cap1 + Car2)
- Gl CF7 (5)

where Dy, Dy, and D4 are the diffusion coefficients of A,
F and their two complexes respectively; k1, k_1, k12, k_»
are the association and dissociation rate constants defined
in Eq. 1 and G, is a metabolic consumption rate constant.

At x = 0 all concentrations equal their plasma values:
Ca0> Cro, Cari0, Carao determined based on the data given
in Table 1.
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The membrane at x = x;, is impermeable with respect to
proteins therefore we write:

OC4(x1,1) _ 0Cari(x1,1) _ 0Cara(x1,1)
Ox Ox Ox

The flux of the fatty acids is given by Fick’s law where
P stands for the permeability constant of the membrane
with respect to fatty acids and Cgeyq, i the concentration of
the free fatty acids at the outer face of the endothelial
membrane:

=0. (6)

OCr(xy,t
.

Alternatively, one may account for the activity of fatty
acid transporters, 7' with total concentration Cy within the
membrane. Ct is composed of concentrations Ct; and Cr,
at the inner and outer faces of the membrane. Each of those
is a sum of the concentrations of the unbound transporters
and Cgr; (at the inner face) or Cgr, (at the outer face), the
concentrations of the complex of the transporters and the
fatty acids. Let the transporters cross the membrane with
Pt as permeability constant then, Eq. 7 is replaced by:

= —P(@(Xl,t) - CFendo)- (7)

0Ck(x,t —
DF% = —P(Cr(x1,1) — Crri — CFendo + Crro)
— Pr(Crri — Crro)-
(8)

Assuming that transporters and fatty acids are in equi-
librium state, one may determine Cgy, by solving a
quadratic equation that incorporates the given values of
Cto and Cgepgo. Another quadratic equation for the inner
side of the membrane enables us to express Cgr; as a
function of Cr(xy,1).

As for the needed initial conditions for Egs. 2-5; we
assume that all concentrations at ¢+ = 0 are zero throughout
the region of solution except for at x = 0 where they are
equal to their plasma values. Those are unrealistic initial
conditions but as the transient period is short and does not
affect the steady state situation (and, as there are no “re-
alistic initial conditions” for the steady, working heart), the
choice of these conditions is meaningless as long as one
ensures compatibility with the boundary conditions.

Calibration of the Model (Parameter Values)

Here we extend on the choice of parameter values that are
given in Table 1.

Cr,, Ca,: The Total Concentrations of Free Fatty Acids
and Albumin Within the Plasma

Vascular albumin concentration is about 0.6 mM (van der
Vusse et al. 2000; Zhou et al. 2002; van der Vusse 2009).
Total fatty acids concentration, Cr, varies between dif-
ferent species e.g., 0.21 mM in rats (Zhou et al. 2002),
0.62 mM in rabbits (Gilbert et al. 1993), and was reported
to vary from 0.25 to 3 mM in humans (Hamilton and Kamp
1999). It depends on age, being higher in children than in
adults (Ijzerman et al. 2009), on nutritional status and ex-
ercise, and is chronically higher in individuals with obesity
and/or diabetes. Normal circulating fatty acid concentra-
tion is lower than 0.6 mM (Lopaschuk et al. 2010). The
ratio between Cr, and C4, was found to vary from 0.5 to
0.8 (Potter et al. 1989). We infer a value of Cr, = 0.4 mM
or 2/3 of Cy4,. Assuming that all constituents are in equi-
librium and implementing the above-mentioned two

Table 1 Literature-based and computed parameter values for the present simulation

Parameter Value References

Typical radius of a capillary (x;) 0.0005 cm

Total albumin concentration in plasma (Cy,) 0.6 mM van der Vusse 2009
Total fatty acid concentration in plasma (Cr,) 0.4 mM Potter et al. 1989
Consumption rate constant (G) 0s!

Equilibrium dissociation constants for albumin and fatty acids—the first two sites (kg) 8.1, 9 nM Richeri et al. 1993
Equilibrium dissociation constant for transporters and fatty acids (kg,) 80 nM

Rate constant for dissociation of fatty acids from albumin (k_;) 555! van der Vusse 2009

Diffusion coefficient for albumin (D,)
Diffusion coefficient for free fatty acids (Dp)
Diffusion coefficient for AF1 & AF2 (Dsr)

Membrane permeability constants to fatty acids and fatty acid transporters (P and Pr)

Total transporter concentration (Cr)

Free fatty acid concentration at the endothelial face of the luminal membrane (Cgengo)

6 %10 7cm s~!
3.3 % 10 %m s~
6* 10 "cm s~ !
(0.1-15) cm s~
(0-0.1) mM

0.4 Cro

Raj and Flygare 1974
Smits 1976
Raj and Flygare 1974
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equilibrium dissociation constants, our choice of concen-
trations results in unbound fatty acid concentration in the
plasma, Cr(0) of 8.4 nM i.e., just a tiny fraction of the fatty
acids is unbound as claimed in previous studies (Saifer and
Goldman 1961; Potter et al. 1989) and in agreement with
the concentrations of 10 and 7.5 £ 2.5 nM measured by
Goodman (1958) and Richeri and Kleinfeld (1995), re-
spectively. This agreement between the measured and
computed unbound fatty acid concentration is another
justification for our choice to account for just two binding
sites.

G;: Metabolic Consumption Rate Constant

Since the consumption (uptake into micelles) is secondary
compared to other processes and sensitivity with respect to
this constant is very low (Barta et al. 2000), we use
G, =0.

k_;: Rate Constant for Dissociation of Fatty Acids
from Albumin

A wide range of rate constants can be found in the lit-
erature. The different measured values cannot be attributed
to the type of albumin used (bovine or human) as those two
were shown not to markedly differ (Sorrentino et al. 1988;
van der Vusse 2009) but rather to the techniques of mea-
surements (Weisiger 1993). While early measurements
indicated on low rate constants (Burczynski and Cai 1994),
more sophisticated, later measurements have established
considerably higher values (Demant et al. 2002; van der
Vusse 2009) that led us to use 5.5 s~! as the value of the
dissociation rate constant.

P: The permeability Constant of the Membrane
with Respect to the Fatty Acids

Measuring the membrane permeability for fatty acids with
a chain length above 12 carbons is difficult due to the low
water solubility of those acids (Kamp and Hamilton 2006).
Indeed, we could not find an established measured value
for P as the plasma contains fatty acids with 16 (for Pal-
mitic acid) to 22 (for Docosahexaenoic acid) carbons.
Kamp and Hamilton (2006) cited P values of 0.1-
0.22 cm s~ for the permeability constant of lecithin bi-
layer membranes with respect to short-chain fatty acids and
a monotonic increase of P values where the carbon chains
are getting longer. Most measured values of P refer to
transport in the liver. However, extrapolating from hepatic
endothelium is not justified, as van der Vusse (2009) noted,
due to fundamental differences between hepatic and car-
diac endothelium. This uncertainty led us to incorporate a
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wide range of P values in our simulations in accord with

Hamilton (2007) that cites a range of 0.1 < P<1 cm s

Pr and Cyp: The Permeability Constant of the Membrane
with Respect to the Transporters and Their Total
Concentration

Few proteins, mainly CD36, FATP, and FABPp,; have
been suggested as potential endothelial membrane trans-
porters (Bonen et al. 2007; Glatz et al. 2010; Carley and
Kleinfeld 2011; Hagberg et al. 2013; Goldberg and Born-
feldt 2013) but others e.g., Hamilton and Kamp (1999),
claim that their presence within the membrane does not
necessarily mean that they are acting as transporters.
Moreover, it is not agreed how they mediate the transport
(do they cooperate or do they compete?) and what are their
typical parameter values (concentrations, affinities to the
fatty acids, mode and rates of transport, etc.). We chose to
apply here the same Fick’s law for both mediated and non-
mediated transport. In case it is proved that the transporters
act by flip-flop mechanism, the rate of flip-flop can be
translated to “apparent permeability”. Lacking the relevant
data, we use a wide range of apparent permeability Pt
values and putative concentrations Ct and few distributions
of the transporters between the two faces of the membrane
(either symmetric distribution where Cr; = Ct, or asym-
metric one).

kai: Equilibrium Dissociation Constant for Transporters
and Fatty Acids

By our assumption, the transporters react just with the
unbound fatty acids. Averaging over several values of re-
ported dissociation constants (Stremmel 1987; Hui and
Bernlohr 1997; Carley and Kleinfeld 2011) yields a value
of 80 nM. A high degree of uncertainty characterizes this
value as it is unclear exactly which proteins serve as
transporters and as there is a high variability between the
literature-based values of this constant. We apply the same
kg value for reactions at both faces of the membrane.

Crenao: Concentration of the Free Fatty Acids at the Outer
Face of the Endothelial Membrane

This unknown concentration has to be higher than
2.1 nM—its value at the interstitium (Musters et al. 2006)
which is “down the road” from the endothelium. On the
other hand, more than 50 % of the free fatty acids at the
source are extracted within the region of solution (Barta
et al. 2000). We use here 0.4 of the plasma concentration
value or about 3.4 nM as a reference value.
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Method of Solution

Numerical Solution

The high gradient of Cr near the membrane turns our
boundary value problem to be a stiff one. This stiffness in-
duces spatial fluctuations of the numerical solution (Gibbs
phenomenon) and computation of reliable numerical solu-
tions necessitates a very fine numerical grid. We tested two
different methods of solution using off-the-shelf libraries;

1. Application of the Toms731 solver of JSim 2 library
(other partial differential solvers of this library fail
unless P is extremely low). This solver works unless
the permeability constant with respect to the trans-
porters, Pt is much different from that with respect to
the fatty acids, P or where the distribution of the
transporters is highly asymmetric.

2. Using NDSolve routine (which implements the method
of lines) of Mathematica 10 library. This solver
successfully copes just with trivial cases (e.g., P is
very low) but yields highly inaccurate solutions
otherwise so it is inferior compared to the JSIM.

Define the transient period as the time that elapses till
the changes of the concentrations with time, starting from
their initial values as specified above, become insignificant
and a steady state is achieved. Then, the duration of this
transient period was found to be shorter than 2 min for the
range of relevant parameter values.

Analytical Solution

In light of the short transient time found in the present
numerical solution and in past simulations (Barta et al.
2000) we aim at formulating an analytical solution for the
steady state situation. Thus, the left-hand sides of Egs. 2-5
are set to zero. Then, we normalize all the independent
variables by dividing them by their values at x = 0 (e.g.,
Cp = C4/Cao, Cr = Cr ICry, etc.) and get the following
equations for the normalized, steady state concentrations:

d*Cy
DAW = k+1Cro(CaCr — Car1) )
d’cC
AF dx/;m = k_1(=Car1Cr + Car2) (10)
d*C
AF dx/;Fl = (—=k_1Cx + k_;Car1)Cr
+ (k-1Car1 — k| Car2) (11)
dZCF (1 / / /
Dr pEa (K1 Ca + K, Car1 ) Cr — (K1 Cart + K, Car2),

(12)

where

kl—l = k;2Cro, k/+1 = k;1Cao k/+2 = k12Car10-

Note that in Eq. 12 we omitted the term that represents
the metabolic consumption as this term was found to hardly
affect the solution (Barta et al. 2000).

While the right-hand sides of Eqs. 9—12 are composed
of products of constants and normalized concentrations
that are all O(1), the left-hand sides are products of very
low diffusion constants (see Table 1) and second
derivatives of concentrations. Thus, wherever there are
moderate changes of concentrations and/or the concen-
trations change in an almost linear fashion, the left-hand
sides might be approximated by zero and the differential
equations turn to be simple, algebraic ones. Only at the
boundary layer near the membrane the left-hand side of
Eq. 12 cannot be nullified.

This situation calls for implementation of singular per-
turbation approach (Holmes 1995) namely—define an
outer solution that is valid throughout the region except for
the thin layer near the membrane and an inner solution that
is valid exactly at this boundary layer. Then match those
two in order to have a continuous solution that satisfies all
boundary conditions. Here, we sketch the guidelines for the
solution while more reasoning is given in the “Appendix”
section.

Outer Solution

We determine the concentrations of all constituents as
functions of the variable y, y = x/x; as follows: Based on
previous solutions of more primitive models (Barta et al.
2000) and on the numerical solution, we expect the con-
centrations of the proteins to have a moderate, almost
linear slope within the whole region. We try as a first ap-
proximation to determine a polynomial solution for the
concentrations by satisfying: (a) the boundary conditions at
y = 0 (i.e., all variables are equal to 1 there), (b) Eqgs. 9—12
after nullifying their left-hand sides and, in addition, (c) the
boundary conditions for the proteins at y = 1. Then, one
gets:

()—1+8(y ¥*/2) +0(&) (13)
Car2(y) = 1 — &(y = »*/2) + O(&?) (14)
Cari(y) = 1+ 0(&) (15)

Ci(y) =1 —e(y —»*/2) + O(&*), (16)

where the constant ¢ satisfies: lel < 1 and should be de-
termined by matching as described below. The expressions
given in Egs. 13-16 satisfy up to O(¢”) conditions a, b, c
specified above.
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Inner Solution

Near the membrane (y = 1) there is a boundary layer where
Crchanges in a steep manner. It is expressed as a function of
a stretched variable, z, z = (x — x;)/9, J is of the order of
magnitude of the boundary layer thickness. Assuming that
protein concentrations might be approximated by their val-
ues at the membrane face, Eq. 12 converts to:

d>Ci K {( K., ) .
=—H i Cly=1)+2Cari(y=1) | Cp(z
a2 Dr Ay ) K, aF1 (Y ) | Cr(2)

- (entr=n+g2ant-n)}.

¢,

We seek an inner solution with the following functional
form,

Cr(2) = o(2) — £0(2)/2 + O(&), (18)

@o(z) = 1, @(z) — 1, where z - —o0 so that the inner
and outer solutions coincide at the left side of the boundary
layer or:C.(—o0) = C%(1).

Define 0 as \/Dr/k', | then from Egs. (12-15,17,18) one
gets,

2 _ !
d*(po = £91/2) _ <1+&+§>(€00_89"1/2)

dz? Ky
K ek
(] 4 =2 22y 19
Ut T2 "

Equating the free terms at both sides of the equation
above results with:

d2q0 K
= (142 @01, (20)

where there are no transporters, the boundary condition at
the membrane, z = 0 yields:

dog P
T = T T = —Cenn .
dz Dikl, (@9 — Crendo)

The only solution of Egs. 20, 21 that is finite where
z = —oo or : to the left of the boundary layer, is:

P(l _ CFendo)eZ‘ / l+k/+2/k/+l

Dr(kK, + K,y

(21)

Gy = (22)

In a similar fashion, equating the coefficients of ¢ in both
sides of Eq. 19 results with:

d2<P1 ( K 2>
— = (14+2) (0= 1) = (pg— 1), (23)
dz? K)o 0

where at z = 0,

do, _ P

= ——0.
dz /Dl "

@ Springer

Therefore,
(@) =1 P [T+, K, { N (1 — Crendo)
7)=1-—
‘ Dr(K,, + K, y) 2(1 + Ko /K,y)

Dr(K, + &,
X Pk + K) — o1+ K, /K,
P+ /Dr(Ky, +K})
(25)

Substitution of Eqs. 22, 25 in Eq. 18 yields the inner
solution C%.(z).

Transporters’ presence changes the boundary condi-
tions, Eqs. 21, 24, and leads to a different, more cumber-
some expression for the inner solution but the general
functional dependence of ¢, ¢; on z remains unchanged.

Matching

Conservation of mass implies that the flux of the fatty acids
at the entrance (y = 0) equals the flux at the membrane
(y = 1 or z = 0), namely:

(DrCro + DarCar0)e/x1 = P(CroCl(z = 0) — Crendo)-
(26)

The above linear equation uniquely determines ¢ and
this concludes the solution.

Results

In order to gage the inaccuracy involved with the asymptotic
solution we compared numerical and analytical solutions. It
was found that for the physiological range of parameter
values, as far as the flux and the fatty acid concentrations at
the endothelial membrane are concerned, our analytical ap-
proach yields exceptionally accurate results. The profiles of
the concentrations computed by the two approaches differ
within the region of solution but as those profiles have no
clinical meaning and as they cannot be experimentally
validated, this difference shouldn’t bother us.

The most meaningful outcome of this model is the fatty
acid uptake rate which is computed by multiplying the flux
at the membrane face, given by Egs. 7 or 8, by the total
surface area of the capillaries in the myocardium. This
surface area was found to equal 500 cm? g~' where the
weight refers to canine left ventricular wet myocardial
tissue (Bassingthwaighte et al. 1974). The difference be-
tween the radii of canine and human capillaries (the latter
is about 1.5 times the former) counteracts the difference
between the densities of the capillaries (being about 2/3 at
human heart), inducing quite a similar diffusional surface
area for these two species. Substituting the concentrations
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Table 2 Normalized concentrations and uptake rates (in
nmol(g min)~") computed by a model without transporter ac-
tivity. Parameter values are given in Table 1

P Cr (x1) Cap (x1) Total uptake rate
0.1 (cm s~ ") 0.94 0.999 14
0.5 (cm s~ 0.79 0.997 49
25 (cm s~ 0.56 0.993 101
5(ms™) 0.49 0.992 117
15 (cm s 0.435 0.991 130

computed by our model in this expression yields the esti-
mated uptake rate, see Table 2.

Our solutions indicate that we cannot meet the phys-
iological need of 100 nmol(g min) ™' fatty acid uptake rate
(van der Vusse et al. 2000; Musters et al. 2006) unless P is
higher than the values reported in the literature.

Replacing the boundary condition in order to account for
transporters’ activity and changing Eq. 26 accordingly
yields results for a membrane covered with transporters. By
our assumption the transporters react just with the free fatty
acids which have an extremely low concentration. There-
fore, unless the transporters have an extremely low con-
centration as well, almost all the fatty acids are associated
with the transporters and unmediated fatty acid flux be-
comes negligible compared to the transporters assisted one.
Thus the total flux is determined to a leading order by the
value of Pr, see Table 3. Moreover, for a symmetric dis-
tribution of transporters (Ct; = Cr,) and where Pp > P the
mediated flux equals the one derived in the simple (no
transporters) scenario where Pt replaces P.

Sensitivity Analysis

A sensitivity analysis is essential due to the high degree of
uncertainty in determining some of the parameter values.

Sensitivity to P

Figure 1 demonstrates the dependence of the fatty acid
uptake rate on the permeability constant. Evidently, where
P is low, its change induces a major effect on the flux and
an accurate determination of it is crucial. In contrast, where
P is high enough there is a saturation process and raising

140 1

120 -

100 +

flux at the membrane
3

0 \ \
0 5 10 15

permeability constant

Fig. 1 Fatty acids flux given in nmol(g min™") as a function of P (in
cm sfl). Solid line x; = 0.0005 cm, dashed line x; = 0.005 cm

P will have a negligible effect. The same holds with respect
to PT.

Sensitivity to x;

This parameter represents the diffusional distance i.e., a
radius of a capillary in the in vivo heart or the thickness of
the stagnant layer attached to the endothelium in perfusion
experiments (usually, it is about 0.005 cm e.g., Goresky
et al. 1994). Due to variation in the reported values of
capillary radii and in order to check the relevance of per-
fusion experiments we run the simulation for a wide range
of x; values and concluded that while it has a significant
impact on the protein concentrations (a higher variation of
the protein concentrations where the slab is thicker) it has a
low impact on the uptake rate. In Fig. | we show that
multiplying x; by 10 has a minor effect on the fatty acid
uptake rate for physiological P values.

Sensitivity t0 Crengo

Figure 2 demonstrates the relatively high sensitivity of the
uptake rate with respect to this parameter. As expected,
where Cgengo 1S lowered the flux increases, as the mem-

brane tends to act like a sink e.g., lowering Crengo/ Cro from
0.5 to 0.3 enhances the flux by 40 %.

Table 3 Uptake rates (in nmol(g min)~ ) computed by a model that accounts for transporters’ activity. Ct; = Cr,, Pr = 1.5 cms™ . Other

parameter values are given in Table 1

Cr (mM) 0 0.0001 0.001 0.01 0.1
P (cms™h) 0.1 0.5 0.1 0.5 0.1 0.5 0.1 0.5 0.1 0.5
Uptake rate 13.6 49.0 55.5 67.2 81.4 82.8 85.5 85.5 86.1 86.1
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Fig. 3 Fatty acid flux given in nmol(g min)~" as a function of k_,
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Sensitivity to k_;

As discussed above, while in the past this rate constant was
estimated to be O(0.1 s™1), it is now agreed that it is ten to
hundred times higher. This parameter actually determines
the distribution between bound and stripped fatty acids and
therefore has a high impact on the flux especially in the
lower range of parameter values as demonstrated in Fig. 3.

Sensitivity to Parameter Values kg, Cr of the Transporters
Due to the typical extremely low Cg values, most of the
free fatty acids are bound at quite low Ct beyond which

saturation occurs and the flux is practically insensitive to
changes in either kg or transporter concentrations at any
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Fig. 4 Fatty acid flux given in nmol(g min)~" as a function of Cr
given in mM, P = 0.1 cm s~!, Pt = 1.5 cm s™". Solid, dashed, and
dotted lines stand for kg, = 10, 80, and 200 nM, respectively

face of the membrane, see Fig. 4. The saturation point
depends on the values of all involved parameters—a typi-
cal value is lower than 1 puM, see Table 3. The higher is the
difference between P and Pr, the more pronounced is the
effect of the transporters and so is the sensitivity to their
parameter values.

Discussion

The mechanisms that govern fatty acid transport in the
myocardium are far from being fully deciphered (Hutter
et al. 1984; Bassingthwaighte et al. 1989b; van der Vusse
et al. 2000; Carley and Kleinfeld 2011). This is mainly due
to the difficulties involved with getting clear-cut ex-
perimental evidences for the activity of receptors for pro-
teins and of fatty acid transporters at the membranes’ faces.
Thus, any theoretical simulation that elucidates their effect
on the transport is helpful. Unfortunately, few theoretical
simulations have been formulated (Barta et al. 2000;
Musters et al. 2006) not only due to scarce physiological
knowledge regarding the governing mechanisms that are
involved and lack of substantiated parameter values, but
because such models face difficulties in computing reliable
numerical solutions and no attempt has been done hitherto
to formulate an analytical solution.

The present simulation accounts for the specific com-
position of the fatty acids and for the two main sites of
binding on the albumin face. All involved parameter values
are either determined by rigorous reasoning based on
measurements or are being analyzed in order to gage their
effect on the end result. The diffusion—reaction system of
equations which is stiff and presents numerical difficulties
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is solved both numerically and analytically using singular
perturbation approach. The same analytical approach might
be applied for other simulations and is expected to serve as
an efficient tool in solving futuristic models.

Our simulation is limited by four types of simplifications
imbedded in it:

A. Simplifications that concern the configuration/ge-
ometry. We refer here just to the radial penetration
of the fatty acids neglecting the axial direction (the
direction of blood flow within the vessels). Extending
the simulation to the 3D case will considerably
increase the complexity of the equations but is not
expected to have a significant effect on the results
since it would not change the distance that is being
diffused.

B. We account for just two sites of reaction between
albumin and fatty acids. Evidently, this is far from
being accurate (van der Vusse (2009) mentions 7
binding sites for fatty acids). Using two-sites assump-
tion is a kind of a golden pass between the simplistic
one-site assumption that results with non-physiologic
high unbound fatty acid concentration and multiple
binding sites assumption that results with a larger
system of differential equations and incorporates more
parameters that unavoidably decrease the reliability of
the simulation.

C. The transport across the membrane is represented by
one parameter, a permeability constant, P. The trans-
porters’ activity namely, their permeation rate repre-
sented by Pr and their equilibrium dissociation
constant with the fatty acids represented by kg, is
simplified as well. These simplifications should be
removed once the detailed mechanisms that govern
transport (flip-flop? fatty acids pump? or another
mechanism), absorption, and desorption rates (reported
to be different, Hamilton 2007) are deciphered and
their parameters are calibrated. Till then, we think that
the least speculative boundary condition is one that
relates to the membrane as one compartment where
flux is driven by a concentration gradient.

D. We ignore the contribution of the lipoprotein-associ-
ated triglycerides. Fatty acids from the two sources,
albumin complex or triglycerides, cannot be distin-
guished at the membrane face (van der Vusse 2009;
Hagberg et al. 2013). Van der Vusse et al. (2000)
stated that the contribution of LPL to total fatty acid
utilization in the isolated rat heart is 25 % at
maximum. Accounting for the LPL-derived fatty acids
might enhance present computed fluxes by up to 25 %.

Simulation of fatty acid transport within the human
myocardium is hindered by the scarce measurements of the
relevant parameters. We used educated guesses of those

parameter values when they were not available, by infer-
ring from measurements in other species and/or other or-
gans. Evidently, the lack of substantiated, measured
parameter values necessitates a detailed sensitivity analysis
with respect to those unknown parameter values. Our
model predicts insufficient fatty acid supply where there
are no transporters and no receptors and where the per-
meability constant is lower than 2.5 cm s~'. Where there
are transporters, it is crucial to have an estimation of their
density; the diminished sensitivity of the flux with respect
to transporter parameter values (kq., Cr, distribution within
the membrane) that our simulation predicts, see Table 3
and Fig. 4, means that the accurate determination of these
parameters is ancillary unless transporter concentration is
low. In any case, it is essential to know the rate with which
the transporters cross the membrane. Other meaningful
data are the concentration of the unbound fatty acids within
the endothelial cell, Cg.hg, and the rate constant for the
dissociation of the fatty acids from the albumin, k_,. These
findings might guide the experimentalists in formulating a
protocol of measurements aimed to decipher the trans-
membrane transport by pointing to the more affecting
parameters.

In light of the extremely low concentration of the un-
bound fatty acids within the plasma and the high phys-
iological uptake rate of free fatty acids, as long as the
membrane cannot be crossed by the albumin complexes,
there have to be mechanisms that enhance the dissociation
of the fatty acids from the albumin at the membrane. These
might be either receptors for albumin (that act indepen-
dently or in collaboration with transporters) or transporters
that attach not just to the unbound fatty acids but to the
bound ones as well and expel the albumin before crossing
the membrane. By our simulation, such receptors’ activity
can be avoided just in case the fatty acid transporters cross
the membrane with a very high rate and/or are distributed
in an asymmetric manner within the membrane (more
transporters at the inner face of the luminal membrane than
on the outer face).

We plan to extend our model and include putative re-
ceptors on the membrane in order to characterize the
density and affinity of receptors that will induce phys-
iological fluxes of fatty acids. Other required extensions
are: A. Accounting for the adjacent endothelium by adding
another compartment to the model (Barta et al. 2000)—it
involves mathematical difficulties but will enable us to
entail a more accurate Crge,qo Value. B. Removing some of
the simplifications regarding the mechanisms that govern
adsorption, crossing of the membrane and desorption.
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Appendix

The four independent variables of the differential system of
equations, Eqgs. 9-12, have two typical profiles: Cg is
characterized by a moderate linear slope followed by a
steep decline within a boundary layer near the membrane
while the proteins are characterized by a linear slope fol-
lowed by a much thinner boundary layer where they hardly
change. This difference between the profiles is due to the
different values of the diffusion constant of the two “spe-
cies” and (mainly) due to the different boundary conditions
imposed at the membrane (the fatty acids are evacuated but
the proteins are confined within the region). Accordingly,
establishing a solution using a singular perturbation ap-
proach necessitates expressing the variables near the
membrane as series with two scaled coordinates (for the
two types of boundary layers) and a solution of four si-
multaneous equations for each term that appear in each
series. These formalistic steps mean a most formidable
task. Instead, we expressed the protein concentrations by
uniformly valid functional forms, Eqs. 13—15, that satisfy
all boundary conditions and the differential equations after
nullifying their left-hand sides. Any series that includes a
deviation of &(y — y"/n), n > 1 from the plasma concen-
trations will do for this purpose. Choosing n = 2 involves
constant and minimal 2™ derivatives (and errors). Outside
the boundary layer the differential equations are satisfied
up to O(D4ée/x?). Inside the boundary layer the inaccuracy
is a bit higher. This approach induces normalized con-
centrations that differ at the membrane by less than one
percent from the numerically computated ones for our
range of parameter values.

References

Barta E, Sideman S, Bassingthwaighte JB (2000) Facilitated diffusion
and membrane permeation of fatty acid in albumin solutions.
Ann Biomed Eng 28:331-345

Bassingthwaighte JB, Yipintsoi T, Harvey RB (1974) Microvascula-
ture of the dog left ventricular myocardium. Microvasc Res
7(2):229-249

Bassingthwaighte JB, Wang CY, Chan IS (1989a) Blood-tissue
exchange via transport and transformation by capillary endothe-
lial cells. Circ Res 65:997-1020

Bassingthwaighte JB, Noodleman L, van der Vusse GJ, Glatz JFC
(1989b) Modeling of palmitate transport in the heart. Mol Cell
Biochem 88:51-58

Bonen A, Chabowski A, Luiken JJFP, Glatz JFC (2007) Mechanisms
and regulation of protein-mediated cellular fatty acid uptake:
molecular, biochemical and physiological evidence. Physiology
22:15-28

Burczynski FJ, Cai ZS (1994) Palmitate uptake by hepatocyte
suspension: effect of albumin. Am J Physiol 268:G371-G379

Carley AN, Kleinfeld AM (2011) Fatty acids (FFA) transport in
cardiomyocytes revealed by imaging unbound FFA is mediated

@ Springer

by an FFA pump modulated by the CD36 protein. J Biol Chem
286(6):4589-4597

Demant EJ, Richeri GV, Kleinfeld AM (2002) Stopped-flow kinetic
analysis of long-chain fatty acid dissociation from bovine serum
albumin. Biochem J 363:809-815

Ghitescu L, Fixman A, Simionescu M, Simionescu N (1986) Specific
binding sites for albumin restricted to plasmalemmal vesicles of
continuous capillary endothelium: receptor-mediated transcyto-
sis. J Cell Biol 102:1304-1311

Gilbert M, Basile S, Baudelin A, Pere MC (1993) Lowering plasma
free fatty acid levels improves insulin action in conscious
pregnant rabbits. Am J Physiol 264(Endo Met 27):ES76-E582

Glatz JFC, Luiken JJFP, Bonen A (2010) Membrane fatty acid
transporters as regulators of lipid metabolism: implications for
metabolic disease. Physiol Rev 90:367—417

Goldberg 1J, Bornfeldt KE (2013) Lipids and the endothelium:
bidirectional interactions. Curr Atheroscler Rep 15(11):365-376

Goodman DS (1958) The interaction of human serum albumin with
long-chain fatty acid anions. ] Am Chem Soc 80:3892-3898

Goresky CA, Stremmel W, Rose CP, Guirguis S, Schwab AJ, Diede
HE, Ibrahim E (1994) The capillary transport system for free
fatty acids in the heart. Circ Res 74:1015-1026

Hagberg C, Mehlem A, Falkevall A, Muhl L, Eriksson U (2013)
Endothelial fatty acid transport: role of vascular endothelial
growth factor B. Physiology 28:125-134

Hamilton JA (2007) New insights into the roles of proteins and lipids
in membrane transport of fatty acids. Prostaglandins Leukot
Essent Fat Acids 77:355-361

Hamilton JA, Kamp F (1999) How are free fatty acids transported in
membranes? Is it by proteins or by free diffusion through the
lipids? Diabetes 48:2255-2269

Holmes MH (1995) Introduction to perturbation methods. Springer,
New York

Hui Y, Bernlohr DA (1997) Fatty acids transporters in animal cells.
Front Biosci 2:222-231

Hutter JF, Piper HM, Spieckermann PG (1984) Myocardial fatty acid
oxidation: evidence for an albumin-receptor-mediated membrane
of fatty acids. Basic Res Card 79(3):274-282

Ijzerman RG, Stehouwer CD, Serne EH, Voordouw JJ, Smulders YM,
Delemarre-van de Waal HA, Weissenbruch MM (2009) Incor-
poration of the fasting free fatty acid concentration into
quantitative insulin sensitivity check index improves its asso-
ciation with insulin sensitivity in adults, but not in children. Eur J
Endocrinol 160(1):59-64

Iso T, Maeda K, Hanaoka H, Suga T, Goto K et al (2013) Capillary
endothelial fatty acid binding proteins 4 and 5 play a critical role
in fatty acid uptake in heart and skeletal muscle. Arterioscler
Thromb Vasc Biol 33:2549-2557

Kamp F, Hamilton JA (2006) How fatty acids of different chain
length enter and leave cells by free diffusion. Prostaglandins
Leukot Essent Fat Acids 75(3):149-159

Lopaschuk GD, Ussher JR, Folmes CDL, Jaswal JS, Stanley WC
(2010) Myocardial fatty acid metabolism in health and disease.
Physiol Rev 90(1):207-258

Musters MWIM, Bassingthwaighte JB, van Riel NAW, van der Vusse
GJ (2006) Computational evidence for protein-mediated fatty
acid transport across the sarcolemma. Biochem J 393:669-678

Potter BL, Sorrentino D, Berk PD (1989) Mechanisms of cellular
uptake of free fatty acids. Annu Rev Nutr 9:253-270

Raj T, Flygare WH (1974) Diffusion studies of bovine serum albumin
by quasielastic scattering. Biochemistry 13(16):3336-3340

Reed R, Burrington CM (1989) The albumin receptor effect may be
due to a surface-induced conformational change in albumin.
J Biol Chem 264(17):9867-9872

Richeri GV, Kleinfeld AM (1995) Unbound free fatty acid levels in
human serum. J Lipid Res 36:229-240



E. Barta et al.: Transport of Free Fatty Acids from Plasma to the Endothelium of Cardiac Muscle... 793

Richeri GV, Anel A, Kleinfeld AM (1993) Interactions of long-chain
fatty acids and albumin: determination of free fatty acid levels
using the flurescent probe ADIFAB. Biochem 32:7574-7580

Saifer A, Goldman L (1961) The free fatty acids bound to human
serum albumin. J Lipid Res 2:268-270

Simionescu M, Ghitescu L, Fixman A, Simionescu N (1987) How
plasma macromolecules cross the endothelium. News Physiol
Sci 2:97-100

Smits G (1976) Measurement of the diffusion coefficient of free fatty
acid in groundnut oil by the capillary-cell method. J Am Oil
Chem Soc 53(4):122-124

Sorrentino D, Stump D, Potter BJ, Robinson RB, White R, Kiang CL,
Berk PD (1988) Oleate uptake by cardiac myocotes is carrier
mediated and involves a 40-kD plasma membrane fatty acid
binding protein similar to that in liver, adipose tissue, and gut.
J Clin Invest 89:928-935

Stremmel W (1987) Fatty acid uptake by isolated rat heart myocytes
represents a carrier-mediated transport process. J Clin Invest
81:844-852

Trigatti BL, Gerber GE (1995) A direct role for serum albumin in the
cellular uptake of long-chain fatty acids. Biochem J 308:
155-159

Van der Vusse GJ (2009) Albumin as fatty acid transporter. Drug
Metab Pharmacokinet 24(4):300-307

Van der Vusse GJ, Glatz JFC, Stam HCG, Reneman RS (1992) Fatty
acid homeostasis in the normoxic and ischemic heart. Physiol
Rev 72(4):881-940

Van der Vusse GJ, van Bilsen M, Glatz JFC (2000) Cardiac fatty acid
uptake and transport in health and disease. Cardio Vasc Res
45:279-293

Vyska K, Meyer W, Stremmel W, Notohamiprodjo G, Minami K,
Machulla H, Gleichmann U, Meyer H, Korfer R (1991) Fatty
acid uptake in normal human myocardium. Circ Res 69:857-870

Weisiger RA (1993) The role of albumin binding in hepatic organic
anion transport. In: Tavoloni N, Berk PD (eds) Hepatic transport
and bile secretion: physiology and pathophysiology. Raven, New
York, pp 171-196

Zhou L, Vessby B, Nilsson A (2002) Quantitative role of plasma free
fatty acids in the supply of arachidonic acid to extrahepatic
tissues in rats. J Nutr 132:2626-2631

@ Springer



	Transport of Free Fatty Acids from Plasma to the Endothelium of Cardiac Muscle: A Theoretical Study
	Abstract
	Introduction
	Mathematical Modeling
	The Governing Equations
	Calibration of the Model (Parameter Values)
	C_{{F_{T} }} ,C_{{A_{T} }}: The Total Concentrations of Free Fatty Acids and Albumin Within the Plasma
	G1: Metabolic Consumption Rate Constant
	kminus1: Rate Constant for Dissociation of Fatty Acids from Albumin
	P: The permeability Constant of the Membrane with Respect to the Fatty Acids
	PT and CT: The Permeability Constant of the Membrane with Respect to the Transporters and Their Total Concentration
	kdt: Equilibrium Dissociation Constant for Transporters and Fatty Acids
	CFendo: Concentration of the Free Fatty Acids at the Outer Face of the Endothelial Membrane


	Method of Solution
	Numerical Solution
	Analytical Solution
	Outer Solution
	Inner Solution
	Matching


	Results
	Sensitivity Analysis
	Sensitivity to P
	Sensitivity to x1
	Sensitivity to CFendo
	Sensitivity to kminus1
	Sensitivity to Parameter Values kdt, CT of the Transporters


	Discussion
	Acknowledgments
	Appendix
	References




